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Derivatives of functions of a single variable

Rules: notation: L&) — f(x
dx
ot —pognt IOl () g(a) + f(2) - g (2)
de” _ x d . (M) f(x)-g(z)—f(2)-g'(x)
de — de  \ g(z) lg()]?
din(z) _ 1 dffg(=z)] __ df[g(z)]  dg(z)
dx x dx dg(x) dx
i) =7

a) f(x) = 227 _%4‘2 b) f(z) = (x +2) - (z° —2)

c) f(z) = d) f(z) = (z — 1) - 23
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Derivatives of functions of a single variable

a)f(:v):2x3—%—|—2 b) f(x) = (z+2) - (2° — 2)

20—1

c) f(z) = d) f(x)=(x—1)- e(22=3)"

d) f'(z) = 3" 1 (3 — 1) 223" . 224 — 3). 2




Derivatives of functions of a single variable

a) Where is the extremum of

f(z)

In(x) - x

2

forz > 07

b) What kind of extremum is it (min., max., inflection)?

[ a) At which x is f'(x) = 07

b) What is the sign of f”(x) at this 7

+: minimum; -: maximum; 0: inflection ]
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Derivatives of functions of a single variable

Where is the extremum of | f(z) = In(x) - 2% |for x > 0 7

ff(x)=0=x+In(x) 2x

What kind of extremum is it?

f(z) =3+ In(x) -2

x=v(1l/e)

F"(e72) = 2 — minimum
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Derivatives of functions of a single variable

Application: Determine the critical point of water from the van
der Waals equation of state

RT a

PVi) =%~ 72

C: critical point _ _
¢ P Inflection point at the

t°: critical temp. critical point:

p'(Vy)=p0"(Vy,) =0

pe=1Ve=2T="7

lilquid vapﬁr AV




Derivatives of functions of a single variable

Application: Determine the critical point of water from the van
der Waals equation of state

B RT G
Vo, —b (Vin)?

p(Vin)

At the critical point:

RT*c 2a RT*€ 2a
/ VC _ O — N p—
P (Vi) Ve =5 T (Ve (Ve —b) - (Ve
RT¢ Oa RT¢ 0a
!/ Vc — O — 2 L N 2 —
U LI (e R U

Express V¢ and T in terms of constants (a, b, R)
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Derivatives of functions of a single variable

RT* 2a . . RT* 6a
— substitute it into —| 92 —
(Vi =02 (Vip)? (Vi =0 (Vi)

RT* 2 4a 6a
(Ve =02 Vie—=b (Ve)r=bVe)d (Vig)

da - (V) =6a- (VE)* —6ab- (V)2 |, VE >0
Ve =3b
p°=p(V,,) N
o = @ = p(3) = 5% ~ iy
T¢ 8a D= g

~ 97Rb
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Partial derivatives of multivariable functions

of ) ., ol
oxr oy

a) flz,y) =2y + 2z + 2y +4

b) f(z,y) =€ -y +y* +2

2132

C) f(xvy) :g

d) Check Young's theorem (

0% f B 0% f
Oxdy  Oyox

) for b)




Partial derivatives of multivariable functions

a) flz,y) =2 y+ 2z +2y +4

2
T
5 C)f(x7y)__
b) f(z,y) =€" -z y+y +2 Y
of of _ o
a) 5 2¢ -y + 2 9y T+
of of
b) 5y =€ 7 y+e’-y 9y e’ - x+ 2y
of 2z of z?
C)—:— _— ——
ox Y 0y y?
62f T €T azf xT x
d) 8y8x_6 r+e 8x3y_6 xr+e
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Partial derivatives of multivariable functions

Application: exact differential of p(V,T)

f=flzy), df(z,y) = (af) dz + (W) dy

Ox oy
nRT n3a
p(V, 1) V—nb V2
Op Op
_ _ 9
)= (2,0 + (2) a0

10



Partial derivatives of multivariable functions

Application: exact differential of p(V,T)

nRT n4a
PV =y~ v
5r), =7
OoT/)v V —nb
(8_) - nRT 2na
ov)r (V — nb)? V3

nRT 2n2a nR

dp(V, T z(— )dv ( )dT
p(V.T) v_m2 v )Y T v




Partial derivatives of multivariable functions

Application: isothermal compressibility (x7) and thermal
expansion coefficient ()

nRT B n4a
V—nb V2

b,

oV
How do we make (—) appear from p(V,T) ?
op/T

p(V,T) =

Of(x) 0dg(x)

Trick: D) .8f(:1:)

=1
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Partial derivatives of multivariable functions

1 0V nRT n4a
= — = 7 V. T) = — —
T V(@p)T -~ p(ViT) V—nb V2
op oV oV 1
0,1~ (),
ov/r \op/r Op/T (@)
oV )
(@) - nRT N 2n2a
ov)r (V — nb)? V3
(8V) 1 1 1
A — nRT 2n2a Pk = — nRT 2n2a
Op /T TWonb)Z T VB TWonb)z T VB
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Partial derivatives of multivariable functions

1 (GV) nRT  n’a

= 7 , pV,T)=

o =

v\oT/p V—nb V2
9 9
(g_g)p' (a_g)pzl - (a_;)p: (é)
p

(p—l—"v—2§) - (V —nb)
nik

ory () Vo ()
oV /p nR

p(V,T) — T(p,V):

1 1 nR

o=y (o1), - V(=) v (e )




Simple integrals

/f(:c)dx = F(z)+C /$2 f(x)dx = F(x2) — F(x1)

Rules:
fl@)y=a"(n#-1) — F(z) = i 1ﬂ7n+1
fla)=- —  F(z)=In(|z)
f(x) =¢€" — F(z) =e"

If the argument is a linear function of z:

/f(ax+b)dx:éF(ax+b)+C

15
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Simple integrals

/ F(z)de = 7

a) f(z) =22 +8x+5
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Simple integrals

/ F(z)de = 7

1
a) f(x) =2z°+8z+5 /f(:v)dw = ut 4’ + 50+ C

b)f(x):xiB — /f:z:d:z::2ln(x—|—5)—|—C

1
C) f(SB) _ 6(2:1:—1)_|_£E2 /f _ _6(291: 1) + 3£U +C

17



Simple integrals

Application: Calculate the (reversible) isothermal work required
to compress a gas from V; to V5

18



Simple integrals

Application: Calculate the (reversible) isothermal work required
to compress a gas from V; to V5

nR1T na
T — -
p(V.T) V—nb V2
Vo Vs 1 ) Vo 1
W = —/ pdV = —nRT/ dV+n a/ —dV
1%] %] V—nb %] V2

2

W= nRTln(Vl - nb) B n3a((x/'12)3 - (‘/11)3)

19



