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FIGURE 1.4. A plot of the population of Oldenburg at the end of each year against the num-
ber of storks observed in that year, 1930-1936.
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Gas bottle problem

There are 2.5 million gas bottles in Hungary. They want to
fill more gas in them. The volume of the bottle limits the
maximum ammount of gas. (i.e. the smaller the bottle the
higher the pressure in it - for a given ammount of gas)

What is the lot and what is the sample?

Sample conclusion Lot
Known — Unknown
Histogram Density function

Random variable




Continuous random variable

F(X)
N F(x)
ab X X X
b %
P(a<xsb)= [ f(x)x F(x)=Px<x)= [ f(xdx
density function distribution function

Parameter and statistic

+ expected value: + sample mean:
E(x)= | xf (x)dx x=—3%"x
(%) L (%) N2
* variance + sample variance

Var () :Io[x—E(x)]Z f (x)dx s? :ii(xi -%)?




The expected value and variance of the function
of random variables

E(ox) =cE(x)

The expected value of the volume of gas bottles is
25.8 dm3. What is the expected value in cm3?

Var (ex) =c?Var ()

The variance of the volume of gas bottles is 0.25
(dm3)2. What is the variance in (cm3)2?

Independent measurements

The data in the samples are the results of measurements.
These are subject to error.

Type of measurement errors:

- systematic
- random

Why is it important to do independent repetitions?

Two measurements are independent if their errors
are independent.




The expected value and variance of the function
of random variables

If x4, X5, ..., X, are independent:

E(% +% +..+X ) =E(X) +E(%) +..+E(x,)
Var (% +%, +...+%,) =Var (x ) +Var (x,) +...+Var (x,)

If x4, X5, .., X, are independent and has the same

distribution, with E(x) expected value and Var(x)
variance.

E(x +%+..+X,) =nE(X) Var (% +% +...+X,) =nVar (x)

The most important continuous distribution:
Gauss (normal) distribution

_ 1 1(x-u ?
f(x)—mexp{—z( p j} Two parameters: u and o2

f(x)

X

uis different ois different

10




Expected value and variance:

E(x)=u Var(x) = g
Short notation:

N(wo?) eg. N(01)

Standardisation:

X— U 1 z°
2= — f(z)—Eexp(—Ej
H=E(z)=0 o’ =Var (z) =1

11

What is the probability of finding the x Gauss d. random
variable in the (4—0.u+0 ) range?

Plu-oc<xsu+o)=F(u+o)-F(u-o)

P(xs u+ o)

12




Zlower o - pper o
Width of +0 +20 +30
the interval
P 0.68268 0.9545 0.9973

13

The variance of a measurement is 02 =0.25g 2. The measurement is
unbiased. We measure a 10 g etalon weight. In which range will be
the measured weight with 95% probability?

This is what we know from the
This is the question: distribution function:

I:)()qo""er <XSXJPP3):O'95 P(_Zalz <Zs Zalz)=0'95

Connection: z= X~ H

g
Xower Xupper
P(u-z,,0<x<p+z,,0)=1-a

P(10-1.96[0.5< x<10+1.96[0.5) = 0.95

14




The volume of gas bottles are normally distributed with
25.8 dm3 expected value and 0.0625 (dm3)? variance.
What is that minimum volume, that 99.5% of the
bottles exceed?

How many percent of the bottles will be in the
25.8+0.3 dm3interval?

In what interval will be 99% of the bottles?

15

Homework

The variance of a measurement is 2 =4g 2. The bias of

the measurement is 2 g. We measure an object, its
weight is 200 g.

1. In which range will be the outcome of the
measurement with 99% probability?

2. What is the probability that the measured
weight is above 205g?

3. What is the probability that the measured
weight is below 200g?

4. What is that maximum value, that the measured
weight will not achieve with 90% probability?

16




The sample mean

_—1 :1 g
X = n(x1+x2+...+xn) an,

17

Central limit theorem

The mean of sample elements taken from any

distribution approximately follows Gauss d. around the
expected value of the original d. with variance o?n.

X~ N(u,0°/N)

N
sumas well Y% ~ N(Ng, No?)

i=1

Based on the Central Limit Theorem: z=

X-—H
a/</n

18




Calculate the 95% probability interval for the mean of a n =5
sample taken from a population of =10 and 02=0.25 !

This is what we know from the
This is the question: distribution function:

I:)()_qo""er <YSXJPP3)2095 P(_Zalz <zs Zalz)=0'95

X

~ U
a/\n

X-u
Pl - <—=<2 =0.95
_ ( al2 0_/ /_n alzJ
Xupper

Kower
s J
P(/'[_Zalza/\/ﬁ<isl'[+za/20-/\/7 :1_0'

Connection:. Z=

P{10-1.96[0.5/y/5 < X <10+1.96[0.5/v5)= 0.95

19

The mean of five measurements is 10, The variance of the
measurements is known form previous data: o2 =0.25. In what range
can be the frue expected value of the measurements with 95%
probability?

(Give a 95% confidence interval for the expected value !)

The way of thinking is the same as it was on the
previous slide, but the inequality is rearranged so,
that the expected value (mu) remains in the middle:

P(Y—za,za/\/ﬁ</,1SY+za,20'/\/ﬁ):1—a'

P(1o—1.96 0.5/+/5 < £ <10+1.96 0.5/ ﬁ) =0.95

20
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X?- (chi-square) distribution

020 e
1) X =27

0.15} =

0.10} E(x?)=v=n-1

0.05 Var (x*)=2v=2n-2

0.00 3

v is the degrees
of freedom

21

f(x?)

22




Distribution of the variance (squared standard
deviation) of a sample taken from a normally
distributed population

23

A sample of 8 elements are taken from a normal
distribution having o2 = 0.08. Calculate the interval in
which the 52 is found at 95% probability.

This is what we know from the
This is the question: distribution function:

P(Sivwer < SZ = Sfpper) =095 P()(Iiwer <)(2 < Xfpper) =0.95

2
szzﬁ — SIZ/:XZ

Conhnection:

24

12



Critical }2values

0.025

0.025

)(Zlowe'

25

Statistics > Probability Calculator > Distributions...

Probability Distribution Calculator

Digtribution v lrverse

[~ Sendto Repoit &
[ Crsate Girsph
[1-Cumnulative p] M
Chi2: [16B36ES E| a7
P [.025 E]

Density Funchion?

[V Fixed Scaling k f

Distribution Function:

Be
Ch

hy
ponertial

Extieme valie
F [Fisher)

I¥ Fixed Scaling

Probability Distribution Calculator [7 - [5]
Distibuion [ Inyess I~ SendtoFept 5

[ Cieate Giaph
ieate Grapl =

Chiz: [1em2res 3] a7 el

wis g

Density Funchion:

Distribution Furction:

26
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2 2 2 2

P(XIOWM <t g Mom? J =095
14 14

_ [1.69[0).08 ,_160M0.08

e T

s j = P(0.0193<s* <0.183 = 0.95

A sample of 8 elements are taken from a normal distribution. The
sample variance is s? = 0.08. Calculate the interval in which the the
variance (02?) is found at 95% probability!

(Give a 95% confidence interval for o2l)

P SZV > 0.2 > SZV - 095 I Inequal'fy
)(Iiwer /Ylfpper Sign iS
reversed !

27

Confidence interval

This interval contains the parameter (e.g. u, 0..) with 1-a
probability.

Interpreting

If the 95% confidence interval is calculated for the expected
value from 100 different sample, than approximately 95
interval contains the true expected value out of the 100.

The confidence interval refers to the PARAMETER.
(Not to x, ors...)

28
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Student's #distribution

()

29

Results of 10 measurements:
24 .46; 23.93; 25.79; 25.17; 23.82; 25.39; 26.54; 23.85; 24.19;

25.50.
Give the 95% confidence interval for the true (expected) value!

_ X o
=i P(t

2 <tst,,)=1-a

[24

P(X_ta/z S/\/ﬁ<,us X+, s/\/ﬁ):]__a

o

a2 taf2

30
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/" Probability Distribution Calculator @E]

Distribution W Inverse ™ SendtoReport &
g::?:hy [+ Twertailed I” Crsate Graph B
Chi 2 ™ (1 Curnulative p]

Exponential

Extreme value » =]
Flones e[easns [ o 3 E]
Gamma

Laplace AES E]

Log-Marmal

Logistic: Density Furction Distribution Function
Pareto

Flayleigh E——
t[Student) H

“Weibull
Z Mormall
I¥ Fixed Scaling

31
Fdistribution

two parameters:

vy is the degrees of freedom for the numerator,

v, is for the denominator

_slo o
i s
F=5/

32
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Critical values for the Fdistribution

f(F)

1

Fy,,wv)=—
‘7( ' 2) Fl—a (VZ'Vl)
a

33

Two sets of measurements (4 and 7 repetitions) were performed
using the same method and device.

Give the 90% probability interval for the ratio of sample variances

(squared standard deviations).

The population variances are equal: 012 = 05

P(Foner <&/ < Fe )= P(Foos <2/ < Fogg)=0.90

<™. Probability Distribution Calculator

e

\

™ Probability Distribu}'\on Calculator

x|

Distibution 7 Inverse
Beta

Cauchy r

Chi 2 ¥ [1-Cumulative p]
Exponential

I” Send to Reper
[~ Crealpfiraph

&
Exit

Extreme value

F [Fisher)
Gamma

ot [+ E]

Laplace o [3s0000 [
Log-Hamal

Logistic Density Functian:
Pareto

a2 [7 B

Distribution Function:

Rayleigh 5,
t[Student] H
ieibull H
Z [Nomal) ;

Distribution IV Inverse
o=

Exponential

™ SendtoRepot &

™ Create Graph

Exit

Extreme valie
F [Fisher)
Gamma

dit: [4

&

Laplace w[os0000 [
Log-Mormal

Logistic Density Function:
Pareto

diz [7

Distribution Function:

Rayleigh

t [Shudent]

" eibull

Z [Nomal)

¥ Fixed Scaling N

&

34
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