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2 58 70 YES NO : 720 145
3 62 76 YES YES 1 735 160
4 66 78 YES YES 1 730 190
5 B4 80 YES NO 1 69.0 155,
] 74 84 YES NO 1 730 165,
7 84 84 YES NO 1 720 150
8 63 72 YES NO 1 740 190
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sexs . S PR S N FIGURE 1.4. A plot of the population of Oldenburg at the end of each year against the num-
wEiGHT ber of storks observed in that year, 1930-1936.
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Gas bottle problem
658 There are 2.5 million gas bottles in Hungary. They want to
= fill more gas in them. The volume of the bottle limits the
60 - maximum ammount of gas. (i.e. the smaller the bottle the
" = higher the pressure in it - for a given ammount of gas)
5] B
2 What is the lot and what is the sample?
50 1 —
Sample conclusion Lot
45 4 Known —_— Unknown
o Histogram Density function
40
6 7 8 9 10 1" 12 .
Age (years) Random variable

Lanarkshire milk experiment!: comparison of control
group (—————) and milk feeding group (- - - - - ) showing
mean weight at beginning and end of study for each

yearly age group. 4
Continuous random variable Parameter and statistic
+ expected value: + sample mean:
2 N
FO) E(x)= [ (x)o x= 2%
o0 i=1
F(x) . variance + sample variance
ab X % X R
b y Var(x)=[[x-EQ[ f(Jck =1 3(x-%)
P(a<x<b)= | f(x)dx Flx)=Px<x)= [ f(xJx El N-15
density function distribution function




The expected value and variance of the function
of random variables

E(cx) =cE(X)

The expected value of the volume of gas bottles is
25.8 dm3. What is the expected value in cm3?

Var (ox) =cVar (X)

The variance of the volume of gas bottles is 0.25
(dm3)2. What is the variance in (cm3) 22

Independent measurements

The data in the samples are the results of measurements.
These are subject to error.

Type of measurement errors:

- systematic
- random

Why is it important to do independent repetitions?

Two measurements are independent if their errors
are independent.

The expected value and variance of the function
of random variables
If xy, X3, ..., X, are independent:
E( 3+ 4%) ZE(%) +E(x) +.. +E(x))
Var (% +X, +...+X,) =Var (x ) +Var (x,) +...+Var (x,)

If X;, Xz .., X, are independent and has the same
distribution, with E(x) expected value and Var(x)
variance.

E(x +% +..+x,) =nE(x) Var (% +%+...+X,) =nvar (x)

The most important continuous distribution:
Gauss (normal) distribution

f(x):iex _l[ﬂ)z T . d &
2710 2\ o wo parameters: ¢ an

x)

X

pis different ois different

Expected value and variance:

E(x)=u Var(x) = o?

Short notation:
N(zo?) egq. N(02)

Standardisation:

_X-u 1 _Z
2= f(z)—ﬁexp[ 7}
H=E(2)=0 o’ =Var(z)=1

What is the probability of finding the x Gauss d. random
variable in the ( 4-0,4+0 ) range?

Plu-o<xspu+a)=Fu+o)-Fu-o)

Pxsu+o)

KRR




_H—O—H_ _HrO— [ _
Ziower = p -1 Zyoper = T =1
Width of o +20 +30

the interval
P 0.68268 0.9545 |0.9973

The variance of a measurement is 02 =0.25g 2. The measurement is
unbiased. We measure a 10 g etalon weight. In which range will be
the measured weight with 95% probability?

This is what we know from the

This is the question: distribution function:

P()qm <x< &W)zo_gs P(-z,,<252,)=095

Connection:  z= X“H

ag
)Scwe XJPP“
P(y-2,,0<x<su+z,,0)=1-a

P(10-1.96M.5< x<10+1.96.5) = 0.95

The volume of gas bottles are normally distributed with
25.8 dm3 expected value and 0.0625 (dm3)? variance.
What is that minimum volume, that 99.5% of the
bottles exceed?

How many percent of the bottles will be in the
25.8+0.3 dm3interval?

In what interval will be 99% of the bottles?

Homework

The variance of a measurement is o2 =4g2. The bias of
the measurement is 2 g. We measure an object, its
weight is 200 g.

1. In which range will be the outcome of the
measurement with 99% probability?

2. What is the probability that the measured
weight is above 205g?

3. What is the probability that the measured
weight is below 200g?

4. What is that maximum value, that the measured
weight will not achieve with 90% probability?

The sample mean

Central limit theorem

The mean of sample elements taken from any
distribution approximately follows Gauss d. around the
expected value of the original d. with variance o?/n.

X~ N(u,0%/N)

N
Sumas well Y% ~ N(Nu, No?)

i=1

u

Based on the Central Limit Theorem:  z=—~—
o/+/n




Calculate the 95% probability interval for the mean of a n= 5

sample taken from a population of =10 and 02 =0.25 |

This is what we know from the
This is the question: distribution function:

P(xm <Xs>§ppﬁ)=0.95 P(-z,,<2<z,,)=095

Connection:  Z= M
a/n

X
P|-z,,<—+=<2,, =09
[ al2 U/\/ﬁ a/zj

X(:rwe XJPPG /
P(,u—zma/«/ﬁ<is u+ zma/x/ﬁ) =1-a

P{L0-1.96.5/y5 < X <10+1.96[0.5/1/5)= 0.95

The mean of five measurements is 10, The variance of the

measurements is known form previous data: g2 =0.25. In what range

can be the frue expected value of the measurements with 95%
probability?

(Give a 95% confidence interval for the expected value )

The way of thinking is the same as it was on the
previous slide, but the inequality is rearranged so,
that the expected value (mu) remains in the middle:

P(Y—za/za/\/ﬁ<,u5y+za/2g/\/ﬁ)=1_a

P(10—1.96 [0.5/+/5 < 4<10+1.96 [m.5/J§) =0.95

X?- (chi-square) distribution

E()(2)=v=n—1

v is the degrees
2 of freedom

Var()(z):2v:2n—2

Distribution of the variance (squared standard
deviation) of a sample taken from a normally
distributed population

A sample of 8 elements are taken from a normal
distribution having o2 = 0.08. Calculate the interval in
which the 52 is found at 95% probability.

This is what we know from the
This is the question: distribution function:

P(Siwa <s’s< Sfpoer): 0.95 P(/\/Iiws <x’s Xfppa) =095

2
sV
Connection: Szzﬁ - = =x°
v g
2




Critical x2values

Statistics > Probability Calculator > Distributions...

)(fma =1.69
0P
Xﬁu;:150 eeeeee
(1-Cumulative p)
v=7 oni2: 6856695 EEEREEYE] P
0025 G e D, Disibution Functios
0.025 - k \
Fiowe Fe ¥ - — |
> 2 2
pﬂ@éi<§siﬂéi,:a% . .
v v Confidence interva
_ 1.69[ﬂ).08<52 S16.0[[]).08 =P(0.0193<SZSO.183)=0.95 This in"r'erval contains the parameter (e.g. u, 0..) with 1-a
7 7 probability.

A sample of 8 elements are taken from a normal distribution. The
sample variance is s? = 0.08. Calculate the interval in which the the
variance (¢?) is found at 95% probability!

(Give a 95% confidence interval for o2!)

Interpreting

If the 95% confidence interval is calculated for the expected
value from 100 different sample, than approximately 95
interval contains the true expected value out of the 100.

sy s | . The confidence interval refers to the PARAMETER.
Pl ->0" 25" =095 ! Inequality (Not fox, or's..)
Xiower pper signis
reversed !
2
Results of 10 measurements:
Student's fdistribution 24.46; 23.93; 25.79; 25.17; 23.82; 25.39; 26.54; 23.85; 24.19;
25.50.
X— 4 Give the 95% confidence interval for the true (expected) value!
zZ=
o/n -
XH
= P(-t,, <tst,,)=1-a
/2 /2
© S/\/ﬁ a, a,
= XA
gv/n P(x-t,, §/Vn<u<x+t,,5/vn)=1-a
E(t)=0

tal2 0 tap2




"~ Probability Distribution Calculator

Distibution

¥ Inverse 1™ SendtoReport &
V' Twotaied I™ Create Graph
T~ (1-Cumuative p)
EmE «F @
|

Densiy Function:

B
Studen]
¥ Fired Scaling /A\

Distbution Functor:

Fdistribution

two parameters:

V; is the degrees of freedom for the numerator,
v, is for the denominator

_sla oL
F—§/022 if of=ac2

F=g/s

Critical values for the Fdistribution

f(F)

1
F,(v,v,)=———
N I OA)

a
Fo F

Two sets of measurements (4 and 7 repetitions) were performed
using the same method and device.

Give the 90% probability interval for the ratio of sample variances
(squared standard deviations).

The population variances are equal: 012 = 022

P(Foer <152 < Fope )= PFogs < /52 < Fps) =0.90
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